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Abstract: Let E be a p-uniformly convex real Banach space with uniformly Giteaux differentiable
norm such that % + % =1,p > 2 and E* its dual space. Let A : E — E* be a bounded and t-strongly

monotone mapping such that A~10 # @. We introduce an explicit iterative algorithm that converges
strongly to the unique point x* € A~10 in arbitrary real Banach spaces.
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1. Introduction

Let E be a real Banach space and let E* be the dual space of E. We study the method of
approximating the zeros of a nonlinear equation of the form

0 € Au, 1)

where u € Eand A : E — 2F is a monotone operator. This is a general form for problems of
minimization of a function, variational inequalities and so on. Let E be a real normed space of
dimension > 2 and let S := {x € E : ||x|| = 1}. E is said to have a Gateaux differentiable norm (or E
is called smooth) if the limit

e

t—0 t
exists for each x,y € S; E is said to have a uniformly Giteaux differentiable norm if for eachy € S
the limit is attained uniformly for x € S. Further, E is said to be uniformly smooth if the limit exists
uniformly for (x,y) € S x S.
The modulus of convexity of E, o : (0,2] — [0, 1] is defined by

) x+
sete) = int {1~ LTI =yl = 1 1x =1 > e

E is uniformly convex if and only if ég(e) > 0 for every € € (0,2]. Let p > 1, then E is said to be
p-uniformly convex if there exists a constant ¢ > 0 such that dg(e) > ce? for all € € (0,2]. Observe
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that every p-uniformly convex space is uniformly convex. A normed linear space E is said to be

strictly convex if

Il =yl =12 £y = 8 oy

Every uniformly convex space is strictly convex.

Lemma 1. (See e.g., Chidume [16], p. 135): Let E = {y,. Then for p,q > 1 such that % + % = 1 and for each
pair x,y € E, the following inequalities hold:

1 q 1 q -1 p p qfl
I3l + =l < [27 (P + 1) 1< p <2, @
and
e+ y117 + flx =yl < 27 (xllP + [lyllP) , for2 < p < co. ®)
We use Lemma 1 to give example of uniformly convex spaces.
Example 1. £, (1 < p < o0) spaces are uniformly convex.

Proof. Given e € (0,2],let x,y € £, be such that ||x|| < 1, [|y|| < 1and ||x — y|| > e. Two cases arise.
Case 1: 1 < p < 2. In this case, inequality (2) yields:

A

1 1 1 q _ q-
15+l 5=l < [2 l(IIXII’“rIIyII”)}
< 27 (@Ngi-1 —q,

1/q
Thus, [J(x+ )" <1-3x—y)|" <1-(5)* suchthat\|x+y\|<[ _(g)ﬂ <1

1/q
Therefore, by choosing § = 1 — [1 — (%)q] > 0, we obtain || x2ﬂ | <1—46. Thus

5E(e) = inf{l - 7”’”2”” } —5>0,

which shows that £, (1 < p < 2) are uniformly convex.
Case 2: 2 < p < 0. The result follows as in case 1 by using inequality (3). Indeed,

lx +yll? + lx—ylT <27'(2) =1,

x+y 1 q 1 €\1
1520 < ma-en=2-(3)

@)

1/q

Therefore, by choosing § = 1 — [iq - (%)q}

5e(e) :inf{1—”x2+y|} —6>0,

which shows that £, (2 < p < c0) are uniformly convex. [

> 0, we obtain ||XT+y|| <1-4. Thus

Let E be a real normed space and let J,, (p > 1) denote the generalized duality mapping from E
into 2F" given by

Jp(x) = {f € B s (x, £ = IxIP, £l = =17},
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where E* is the dual space of E and (.,.) denotes the generalized duality pairing. It is well known
(see, for example, Xu [31]) that J,(x) = [ x[[P~2J5(x) if x # 0. For p = 2, the mapping J, from E to 25"
is called normalized duality mapping.

Remark 1. Let E be a uniformly convex Banach space and E* its dual space. The following properties of the
normalized duality map have been established (see e.g [20], [30], [31], [32]):

(i) if E is smooth, then ], is single-valued;
(i) if E is reflexive, then ], is onto;
(iii) if E is smooth, strictly convex, and reflexive, then J, : E* — 2F is the generalized duality map from E*
to E;
(iv) if E has uniform Gateaux differentiable norm, then [, is norm-to-weak™ uniformly continuous on
bounded sets.

Let E be a p-uniformly convex real Banach space and A : E — E* be a single-valued map. The
map A is said to be:

(i) monotone if for each x,y € E, we have
(x —y, Ax — Ay) > 0;
(ii) t—strongly monotone if there exist a constant ¢ > 0 such that for each x,y € E, we have

(x =y, Ax = Ay) = t]x - y|I”.

Monotone operators have turned out to be ubiquitous in modern optimization and analysis (see, e.g.,
[4], [6], [26], [27]). Interest in monotone operators stems mainly from their usefulness in numerous
applications. Consider, for example (see e.g Chidume et al. [8]), the following: Let f : E — R be a
proper and convex function. The subdifferential of f at x € E is defined by

of(x) ={x" € E*: f(y) — f(x) > (y —x,x") Vy € E}.

Monotonicity of df : E — 2E" on E can be easily verified, and that 0 € 9f(x) if and only if x is a
minimizer of f . Setting 0f = A, it follows that solving the inclusion 0 € Au in this case, is the same
as solving for a minimizer of f. Several existence theorems have been established for the equation
Au = 0 when A is of the monotone-type (see e.g., Deimling [21]; Pascali and Sburlan [24]).

A single-valued map A : E — E is called accretive if for each x, y € E, there exists jo(x —y) € Ja(x —y)
such that

(j2(x —y), Ax — Ay) > 0.

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert spaces,
monotonicity and accretivity coincide.

There have been extensive research efforts on inequalities in Banach spaces and their applications
to iterative methods for solutions of nonlinear equations of the form Au = 0. Assuming existence,
for approximating a solution of Au = 0, where A is of accretive-type, Browder [5] defined an
operator T : E — Eby T := I — A, where [ is the identity map on E. He called such an operator
pseudo-contractive. It is trivial to observe that zeros of A correspond to fixed points of T. For
Lipschitz strongly pseudo-contractive maps, Chidume [18] proved the following theorem.

Theorem 1. (Chidume [18]:) Let E = Lp,2 < p < oo, and K C E be nonempty closed convex and bounded.
Let T : K — K be a strongly pseudocontractive and Lipschitz map. For arbitrary x1 € K, let a sequence {x, }
be defined iteratively by

Xpi1= (1= Ap)xy +AyTxy,n €N,
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where Ay, € (0,1) satisfies the following conditions:

(D) Y An =00,
nozol

(i) Y A% < oo.
n=1

Then, {x,} converges strongly to the unique fixed point of T.

The above theorem has been generalized and extended in various directions, leading to
flourishing areas of research, for the past thirty years or so, for numerous authors (see e.g., Censor
and Reich [7]; Chidume [9], [18], [10]; Chidume and Bashir [12]; Chidume and Chidume [13], [14];
Chidume and Osilike [15] and a host of other authors).

Recent monographs emanating from these researches include those by Berinde [3], Chidume
[11], Goebel and Reich [17], and William and Shahzad [29].

However, it occurs that most of the existing results on the approximation of solutions of
monotone-type maps have been proved in Hilbert spaces. Unfortunately, as has been rightly
observed, many and probably most mathematical objects and models do not naturally live in Hilbert
spaces. The remarkable success in approximating the zeros of accretive-type mappings is yet to
be carried over to equations involving nonlinear monotone mappings in general Banach spaces.
Perhaps, part of the difficulty in extending the existing results on the approximation of solutions
of accretive-type mappings to general Banach spaces is that, since the operator A maps E to E¥, the
recursion formulas used for accretive-type mappings may no longer make sense under these settings.
Take for instance, if x, is in E, Ax, is in E* and any convex combination of x, and Ax, may not make
sense. Moreover, most of the inequalities used in proving convergence theorems when the operators
are of accretive-type involve the normalized duality mappings which also appear in the definition of
accretive operators.

Recently, Diop et al [22] introduced an iterative scheme and proved the following strong
convergence theorem for approximation of the solution of equation Au = 0 in a 2-uniformly convex
real Banach space. In particular, they proved the following theorem.

Theorem 2. Diop et al [22]: Let E be a 2-uniformly convex real Banach space with uniformly Gateaux
differentiable norm and E* its dual space. Let A : E — E* be a bounded and k-strongly monotone mapping
such that A=10 # @. For arbitrary x; € E, let {x,, } be the sequence defined iteratively by:

Xnp1 = Jy H(JaXn — anAxy),n € N, @)

where [, is the normalized duality mapping from E into E* and {a,} C (0,1) is a real sequence satisfying the
following conditions:

o0

(i) Y an = oo;
n=1
(o)

(i) Y o < oo.
n=1

Then, there exists o > 0 such that if a,, < 7yo, the sequence {x,} converges strongly to the unique solution of
the equation Ax = 0.

It is our purpose in this paper to introduce an explicit iterative algorithm that converges strongly
to the solution of equation (1) in real Banach spaces. Furthermore, we obtained as corollary, the
theorems of Diop et al. [22] for p = 2 and Chidume et al. [8] for E := Ly,1 < p < c0and A, =
AVneN, Ae(0,1).
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2. Preliminaries

In the sequel, we shall need the following definitions and results.
Definition 1. Let E be a smooth real Banach space with the dual E*.
(i) The function ¢1 : E x E — R is defined by
91(x,y) = %1 =2 (x, Jy) + |yII*, for all x,y € E, (5)

where [ is the normalized duality map from E to E* (see e.g, Alber [1]).
(ii) The function ¢ : E x E — R is defined by

o(ey) = p (a7 Ix17 = (x,Jpw) +p Iyl ), forall x,y € E, ©)

where ], is the generalized duality map from E to E* and such that % + % =1, g>p>2
(iii) The map V : E X E* — R is defined by

V(xx) = p (a7 %17 = (x ) + p7H#*])7) ¥ x € Ex* € B, @)

Remark 2. These remarks follow from Definition 1:

(i) If E = H, a real Hilbert space, then equation (5) reduces to ¢ (x,y) = ||x — y||* for x,y € H. Itis
obvious from the definition of the function ¢ that

(xll = llyID? < ¢1(x,y) < (llx]| + Ilyll)* for all x,y € E. ®)

(ii) Forp =2, ¢(x,y) = ¢1(x,y). Also, it is obvious from the definition of the function ¢ that

(xlF = 1lyID? < ¢(x,y) < (llxll + llyl)” forall x,y € E. ©)

(iii) It is obvious that
Vix,x*) = <p(x,]p_1x*) V x € E,x* € E*. (10)

Theorem 3. Xu [31]: Let p > 1 be a fixed real number and E be a real Banach space. The following are
equivalent:

(i) E is p-uniformly convex;
(ii) there is a constant ¢y > 0 such that for all x,y € E and j,(x) € J,(x),

lx+yll” = %1 + p (v, Tp(x)) + e llyll”;
(iii) there is a constant ¢, > 0 such that

(x=v,p(x) = jp(y)) Z collx =y, ¥V 2,y € Xand jy(x) € Jp(x), jp(y) € Jp(y)-

Lemma 2. Kamimura and Takahashi [23]: Let E be a smooth uniformly convex real Banach space and let {x, }
and {y,} be two sequences from E. If either {x,} or {yn} is bounded and ¢(xn,yn) — 0as n — oo, then
|xn — yul| = 0asn — co.

Lemma 3. Tan and Xu [28]: Let {a,} be a sequence of non-negative real numbers satisfying the following

relation:
K1 < &y +0y,n >0
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e
such that Y 0, < co. Then li_r)n ay exists. If in addition, the sequence {wy, } has a subsequence that converges
n—oo

n=0
to 0. Then {w,} converges to 0.

Lemma 4. Zilinescu [32]. Let i : RT™ — R be increasing with tlim () = co. Then ], L is single-valued
— 00

and uniformly continuous on bounded sets if and only if E is a uniformly convex Banach space.

3. Main Result

We first give and prove the following lammas which are useful in establishing our main results.

Lemma 5. Let E be a reflexive strictly convex and smooth real Banach space with E* as its dual. Then,

V(x,x*)+p <]p_1x* - x,y*> <V(x,x"+y") (11)
forall x € E and x*,y* € E*.
Proof. .
SV +y) = (a7 7 = Gy p ) (12)
1 * - * — *
V() = (47T = (o) + p || (13)
p
1 * * 1 * * — * * — *
P/ ) — V(@) = = oy B i L o [

= (=xy") +p Iy - p x|
— <];1X*—x,y*>—<];1x*,y*>
+p | = p P

> (' =yt ) = ()

7 (1P 4+ p (1) + dplly* 1) — p )P
= (' —xy )+ )
2 (e —oy)

Thus, V(x,x*) + p (J; %" — %57 ) < V(x,x* +y°). O

Lemma 6. Let E be a uniformly convex Banach space. The duality mapping |, L. E* — E is Lipschitz on
every bounded set in E*; that is, for all R > 0, there exists a positive constant L such that

171 () = I ) < Ll =7,
forall x*,y* € E* with ||x*|| < Rand |ly*|| < R.

Proof. From Lemma 4, ], ! is uniformly continuous on bounded subsets of E* implies that for all
R > 0, there exists a nondecreasing function y with 9o+ (0) = 0 such that

1751 ) = T oI < oIl =y 1D,
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for all x*,y* € E* with ||x*|| < Rand |y*|| < R. By taking ¢ (||x* — y*||) := L||x* — y*||, the result
follows. 0O

Lemma 7. For p > 1, let E be a p-uniformly convex real Banach space. For d > 0, let B4(0) :=
{x € E: ||x|| < d}. Then for arbitrary x,y € B;(0),

I = ylI” 2¢(x,y)+d\|x|\”—§||x\|q, q=p=2 (14)

Proof. Since E is a p-uniformly convex space, then by condition (ii) of Theorem 3, for any x,y €
B4(0), we have that

lx +y1I7" = llxl1” + p (v, Jp(x)) + dlly])”-

Replacing y by —y gives
I =ylI" = [Ixll” = p v, Jp(x)) +dlly])"-

Interchanging x and y and simplifying by p, we get

V

plHlx—=ylP = pHylP = (x Tp(y)) +dp x|
= g x| = (o) +p HIylP — g x| T+ dp X))
= plo(xy) —q x| +dpt x|,

so that
p(xy) < p(px—yl” + g =" — apx]?),

which is equivalent to
lx =" = ¢(x,y) +dl|x]|" - gIIXIIq,

establishing the lemma. O

Theorem 4. Let E be a p-uniformly convex real Banach space with uniformly Gateaux differentiable norm
such that % + % =1,q9 > p > 2and E* its dual space. Let A : E — E* be a bounded and t-strongly monotone

mapping such that A~'0 # @. For arbitrary x, € E, let {x,} be the sequence defined iteratively by:
Xna1 = I, (Jpxn — AnAxy),n €N, (15)

where | is the generalized duality mapping from E into E* and {A,} C (0,70),7v0 < 1 is a real sequence
satisfying the following conditions:

(i) ) Ap =00
no:ol

(i) Y Aj < oo.
n=1

Then, the sequence {x, } converges strongly to the unique point x* € A~10.

Proof. Let x* € E be a solution of the equation Ax = 0. There exists r > 0 sufficiently large such that:

r > max {4 (an*nﬂ - d||x*||P) ,4>(x1,x*)} and 7g := min {1, ﬂ)} : (16)
We divide the proof into two steps.

Step 1: We prove that {x,} is bounded. It suffices to show that ¢(x*,x,,) < r,V n € N. The proof is
by induction. By construction, ¢(x*,x1) < r. Assume that ¢(x*, x,,) < r for some n € N. We show
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that ¢p(x*, x,41) <r,V neN.

1
From inequality(9), we have ||x,|| < r? + ||x*||. Since A is bounded, define
1
My = pLsup { 14n I [l <+ 171 (17)

where L is a Lipschitz constant of ], Land p > 2. We compute as follow by using the definition of

Xn+1°

P xp11) = ¢ (x*,],,_l(],,xn - /\nAxn))
= V(x* Jpxu — AnAxy)
V(x*, Tpxn) — pAu <I;1(Ipxn — AnAxy) — x*, Axy — Ax*>
(by Lemma (5) with y*=A, Ax,)
P(x", xn) — pAn (xn — x7, Axy — Ax")
—phn (I Uptn = AnA) = I (o), A )

IN

Using the strong monotonicity of A, Schwartz inequality and Lipschitz property of ], 1, we obtain

P xn1) < @(x",xn) — pAnxn — x*||”
"‘q/\n”];;l (Jpxn — AnAxy) — ];1(]pxn)|| [ Axp|]

< P(x*, xn) — ptAullxn — x*||P + pA2L || Axa|®

< mn) = ptha (907 0+l = B ) 02
(using Lemma 7)

< mn) = prhap( ) e El I a7 + Ao

< r—pt/\nr—i-pt)xni—i—pt)\n%

= (1—pt2/\">r

< 1.

Hence, ¢(x*,x,41) < r. By induction, ¢(x4,x,) < r V n € N. Thus, from inequality (9), {x,} is
bounded.
Step 2: We now prove that {x,} converges strongly to the unique point x* € A~'0. Following the
same arguments as in step 1, the boundedness of {x, } and that of A, there exists a positive constant
My such that

P(x*, x41) < O(X*, x0) — ptAalxn — x*||P + A2 M. (18)
Consequently, ¢(x*, x,.1) < ¢(x*,xn) + A2 Mp.

By the hypothesis that )~ A7 < co and Lemma 3, we have that lim ¢(x*, x,,) exists. From inequality
=0 n—oo

(18), we have } A, ||lx, — x*|| < co. Using the fact ) | A, = oo, it follows that liminf ||x, — x*||V = 0.
n=0 n=0
Consequently, there exists a subsequence {x,, } of {x,} such that x,, — x* as k — oco. Since {x,}

is bounded and ], is norm-to-weak™ uniformly continuous on bounded subset of E, it follows that
{¢(x*,x,)} has a subsequence that converges to 0. Therefore, by Lemma 2, {¢(x*,x,,)} converges
strongly to 0. Also, by Lemma 2, ||x, — x*|| = 0asn — co. [
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Corollary 1. Diop et al. [22]: Let E be a 2-uniformly convex real Banach space with uniformly Gateaux
differentiable norm and E* its dual space. Let A : E — E* be a bounded and k-strongly monotone mapping
such that A=10 # @. For arbitrary x € E, let {x,,} be the sequence defined iteratively by:

Xui1 = Jo L(Jaxn — anAxy),n €N, (19)

where [y is the normalized duality mapping from E into E* and {a,} C (0,1) is a real sequence satisfying the
following conditions:

(i) i Ky = 00;
n=1

()
(i) Y ap < oo
n=1
Then, there exists g > 0 such that if a,, < 7o, the sequence {x, } converges strongly to the unique solution of
the equation Ax = 0.

Proof. By taking p = 2, the proof follows from Theorem 4. [

Corollary 2. Chidume et al [8]: Let E = Ly,1 < p < oco. Let A : E — E* be a strongly monotone and
Lipschitz map. For x1 € E arbitrary, let the sequence {x, } be defined by:

Xpi1 = ]2_1(]2xn — AAxy),n €N, (20)
where A € (0,0). Then, the sequence {x, } converges strongly to x* € A=1(0) and x* is unique.

Proof. Take E = Ly,1 < p < coand A, = A, the proof follows from Theorem 4. [
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