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Abstract

The paper is concerned by the existence of W'!-solutions of fuzzy
diferential equation
u = f (t7 u)7
with ¢ € (a,b), f satisfies some Carathéodory conditions and u(a) = u(b).
Existence of solutions is given by lower and upper-solutions method and
Schauder’s fixed point theorem. An application is given and, a result of
multiplicity is obtained.
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1 Introduction

This work is concerned by the study of existence of W'!-solutions of the fuzzy
differential equation
u = f(tvu)v te (av b) (1)

with some periodic conditions (see section 3), where f : [a,b] x Rp — Rp is
a Carathéodory function, [a,b] C R with a < b, and Ry is the class of normal
and convex fuzzy number defined in section 2.

Our approach is based on the method of lower and upper solutions which relies
on standard monotonicity result for function whose derivative is one signed.
We obtain existence and location of solutions of (1). The method of lower and
upper solution is used, in crisp case, in many applications for first, second and
higher order problems for ODE (see e.g. [1,2,5,7] for a thorough account) but,
only few results are reported in fuzzy case (see e.g.[6] and reference there in).
Our results seem to be new in the theory of fuzzy differential equations, and the
techniques used are of independent interest .

Our paper is organized as follows: in section 2, we give some preliminaries in
fuzzy sets and functions and define some function spaces : LY, for 1 < p < co and
Wl and some of their properties. In section 3, we state and prove our main
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result which gives the existence of periodic W'l-solutions of (1). In section 4,
we give an application in Ambrosetti-Prodi type problems, and obtain a result
of multiplicity.

2 Preliminaries

2.1 Fuzzy sets and functions

Let X be a non empty set, a fuzzy subset of X is a mapping u : X — [0, 1] (see
[4]). The r-level set [u]" of fuzzy set u(x) on X is defined as

[u]" ={z € X |u(z) >r, Vre(0,1]}.

The support set [u]?, is the closure in the topology of X of the union of level
sets[u]”, 0 < r < 1. It is well-known that [u]” is compact for each 0 < r < 1,
and [u]™ C [u]"™ whenever 0 < ro < r; < 1. Let us denote by Rp the class of
fuzzy subsets of R satisfying the following conditions:

(a) w is normal i.e. Izg € R with u(xg) = 1;

(b) w is convex fuzzy ie. VA € [0,1] and z,y € R, u(Az + (1 — Ny >
min{u(z), u(y)};

(¢) w is upper semicontinuous.
For all u,v € Rr and A € R, the sum u & v and the scalar product A ® u are
well defined by [u®v]” = [u]"+[v]" and [AOu]" = A[u]", as addition of intervals
and dilatation of interval.
A metric is defined on Rp as follows (see [4]): d : Rp x Rp — Ry U {0},
(u,v) = d(u,v) = supg<,<g max(| u” —o" || u = |), where [u]" = [u”,u’]
and [v]" = [v, V] ].
The metric d satisfies the following properties

(1) dlu®w,v®w) = d(u,v), for all u,v,w € Rp;
(2) d(kOu,k®v)=|k|d(u,v) for k € R and u,v € Rp;
3) dlu@w,v®e) =d(u,v) + d(w,e) for u,v,w,e € Rp.

The pair (Rp,d) forms a complete metric space. The following properties are
well-known (see[4]):

Theorem 1 (i) If 0 = xo, then 0 € Ry and is the neutral element with
respect to he sum in Rp. In particular R C Rp;

(ii) with respect to 0 and the sum in Rp, none of u € Rp \ R has its inverse
m RF.

(iii) for allh,k € R with k,h > 0 and for anyu € Rp, (k+h)Ou = kOu+hOu;
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() for any N € R, and u,v E Rp, A\O (udv) =AQud O v;
(v) forany \,p € R andu € Rp, AO (L O u) = (Au) O u.

Definition 1 A function f : (a,b) C R — R is said to be strongly generalized
differentiable at xq¢ € (a,b), if there exists an element f'(xg) € Rp such that

e (i) for all h > 0 sufficiently small, there exist f(xo + h) — f(xo, f(zo) —
f(xo — h) and limits in the metric d
f(@o —h) — f(z0)

h) —

or
e (i) for all h > 0 sufficiently small, there exist f(xo) — f(xo + h), f(zo —
h) — f(zo) and the limits

. fwo) = flxo+h)
%{% —h h\.0 —h

or
o (iii) for all h > 0 sufficiently small, there exist f(xo+ h) — f(x0), f(zo —
h) — f(zo) and the limits

lim f(zo+h)— f(xo) ~ im f(xo —h) — f(zo)
R\,0 h h\.0 —h

or
e w for all h > 0 sufficiently small, there exist f(xg — f(xo + h), f(zo —
f(xo — h) and the limits

lim f(xo) — f(xo + h) ~ im flxo — f(xo —h)
R\, —h h\.0 h

= f'(20)-

Let C[0,1] = {¢ : [0,1 — R | ¢ is bounded on [0, 1], left continuous for any
t € (0, 1], right continuous on 0 and ¢ has right limits for any ¢ € [0,1)} endowed
with the norm || ¢ ||= sup{| »(¢) |: t € [0,1]}, C[0,1] is a Banach space , and
so is C[0,1] x C[0,1] with the norm || (©,) ||= max(|| ¢ ||, || ¥ ||) -

Theorem 2 (see[3]) If we define j : Rp — C[0,1] x C[0,1] by j(u) = (u_,uy),
where uy : [0,1] — R is a non increasing function for oll r € (0,1], and
u_ : [0,1] — R is increasing for all r € (0,1], us(r) = ul, then j(Rp) is a
closed convex cone with vertex 0 in C[0,1] x C[0,1] and j satisfies,

(a) JAQu®d pev)=Aj(u)+ pj(v) for any u,v € Ry and A\, u > 0;
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(b) d(u,v) =] j(u) = j(v) [|.

If u is strongly differentiable as in Definition 1(¢), then (j(u)) = j(u'). To
deal with the case (i), we consider another embedding function j : Rp —
C[0,1] x C[0,1] defined by j(u) = j((—=1)®u). Clearly, j satisfies conditions (a)
and(b) of Theorem 2 and j(Rr) = j(Rp). If u is differentiable as in Definition
1(i7), then (j(u)) = —j(u/). Note that Definition 1(i77) and (iv) cases can
happen on discret set of points. It is also well-known (cfr [1]) that if u is
simultaneousy (i) and (ii) at a point g, then u/(tg9) € R

The above theorem implies that j and j are embedding Rp isometrically and
isomorphically into C[0,1] x C[0,1]. Clearly j ( or j) is continuous as its inverse.
Let M be the set of all functions u : (a,b) C R — Ry continuous and strongly
generalized differentiable as in Definition 1(z) or (7).

2.2 Functions spaces

Let f.(t) = [f(t)]", for f : I C R — Rp The integral of f on I is given by

(see[6])
[/I f(t)dt]" = /Ifr(t) dt.

Let us define the L%, space by
‘Czlji‘(l) = {f € C(I7RF) | Ir € LP(I)7T € [071]}

for 0 < p < oco. We define the seminorms

17 l= ([ (P ds, 1< p < oc
I
and
I f lloo=1nf{C | f-(t) C C - B(0,1),a.e.t € I, r € [0,1]}.

To every f € LB(I), one can associate using the function j, the element
(f=(t), f+(t)) of j(Rp)such that fI € LP(I), for all » € [0,1]. Using this
isomorphism-isometry and identifying in LP(I) functions that are equal almost
everywhere on I, one can define the space

Lip(I) ={(f= (@), f+(®)) | f£ € LP(I), 1 <p < o0}

with norm
| (F f1) ly= max{( / @) P / | ) 1P )

for 1 < p < oo and

(= f+) lloo= max{(inf(C1), inf(Co) || fZ(t) |< C1, | f1(8) [< Co, acet €1, r € [0, 1]}

T"he semilinear structure is well defined on £%.(I). Indeed, let f and g € £5.(I),
since

[F) @ 9@ = [FO] + 9] = fr(t) + 9,(¢)
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and

(fr(t) + 9,(£))" < 2°((f+(1))" + (9:(1))"),
we have f, + g, € LP(I) so that f @ g € L4.(I). For any A € R and f € L5.(I),
we have \f, € LP(I), so that A ® f € L}.(I). Using the isomorphism-isometry
j, we get j(f @©g) € LL(I) andg(A@f) € LL.(I) for all A > 0 or A < 0 where
(=1 f)=if)
Definition 2 A function f : I x Rp — Ry satisfies a Lk-Carathéodory con-
dition if f(t,-) is continuous for a.e. t € I, f(-,u) is strongly measurable (see
[6]Def. 2.3.1.) for each u € Rp, and for every p > 0 there exists a func-
tion h, € L'(I) such that for a.e.t € I and for all u € Rp with d(u,0) < p,
max{| f7(t,u) [, (& u) [} < hp(t).

Denote by W11(I) the space of all functions in M whose first derivative satisfies
the above L}.-Carathéodory condition.

3 Main result

Let J C R an open interval, and consider w : J — Rp a (i)-differentiable
solution of equation (1), then w is continuous and has an increasing support.
Let tg € J and consider v : [tg, +00[— Rp, a (ii)-differentiable solution of the
initial value problem

o= f(tu(t), t>to
v(to) = wito).
Then v(t) is continuous and has a decreasing support.
Define
u(t) = w(t) if t <to,

= w(t) if t >t

then wu(¢) is continuous and simultaneously (i) and (i¢) differentiable at ¢y and
u'(tp) is real. Moreover, one can find a,b € J, with a < tg < b, such that
[u(a)]® = [u(b)]°. Hence, we can define the condition

u(a) = u(b),
and consider the boundary value problem

= f(tu), te(a,b) CR
u(a) = wu(b), (2)

where f: [a,b] x RF — Rp is a L}-Carathéodory function. We shall use the
following notation:

Notation: For all o, € Rp, a < f means a_ < f_ and ap < [y, a < (8
means a— < O_ and at < B4, [a, 8]~ ={u | a 2 u =<4}, and (o, B)~ = {u |
a<u=< g}

We define a Whl-lower-solution and a Whl-upper-solution as follows
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Definition 3 A function « : [a,b] — Rp, left continuous and bounded is a
Whtlower -solution of (3), if there exists a partition P: a = t; <ty < -+ <
t, = b such that

(i) Vk = 1,2,---.n — 1, o € Wh(tg,tes1) and o/(t) < f(t,a(t)) for a.e.
te (tk7tk+1);
(i)1 Vk = 2,3,---,n—1, limtﬂt’;r1 at) > limtﬁtz a(t) and limtﬂtzri1 at) <
a(tO); th € [aatO); or
()2 Vk = 2,3,---,n — 1, 1imt_,tz a(t) » lirnt_}tl;r1 a(t) and hmt—n&,;rl at) <
a(tO); th € (t07b]‘

A function 3 : [a,b] — R left continuous and bounded is a W't -upper-solution
of (8) if there exists a partition Q :a =81 < 83 < +++ < S, = b such that

(i) Vi = 1,2,---;m =1, B € Whi(s,8i41) and §'(t) = f(t,6(t)) for a.e.
te (Si, Si+1);
()1 Vi = 2,3,---,m — 1, limt_>s;rl B(t) < lim
B(to), if t € [a,tg);0r
(i1)2 Vi =2,3,- -+ ,m—1, hmt%sj’ B(t) < lithSi—Jrl B(t) and B(to) < limtﬂti—+1 6(t),
th S (to, b]

+ B(t) and limtﬂtit1 B(t) =

t—s’
k2

From now one, we shall call a(t) a lower-solution, and §(¢) an upper-solution.
Our main result is the following

Theorem 3 Assume o = 3 and define the set

E={(t,u) € [a,b] x Rp | a(t) 2u X B(1)}.
If f satisfies a LY.-Carathéodory condition on E, then the problem (2) has at
least one solution uw € W11(a,b) such that for all t € [a,b], a(t) < u(t) < B(t).
Proof. Let us consider the modified problem

ueu = ft,(tu) @yt (3)
u(a) = u(b) (4)

where v : [a,b] X Rp — Ry is defined by
y(t,u) = aft) if u=<alt)
= u if a(t)2u=xp(t)
= B i usA)

We first prove that every solution of (3)-(4) belongs to E. Indeed, assume by
contradiction that there exists ¢, €]a, b[ and t* €]a, b] such that for all ¢ € [t., t*],
with ¢ #£ tx, k =1,2,...,n — 1, a(t) > u(t). Using the isomorphism-isometry
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J, we get jou(t) < joa(t). Hence, joa(t) — jou(t) achieves a strict positive
maximum on [t.,t*]. Let tps € [t«,t*] be this maximum point. If ¢p; # ¢, then
(Joa)(ty)— (Jouw)(tar) = 0. If [t t*] C (a,to], then for all ¢t € [t,,t*], we
have

Gu®)) = (@) = j@®) - j(o/(t))

v
L
—~ o~
Q 2
—
~
— —
N
(.
ol S
—~
£ &
—~
4~
~
~ —
vV o+
<
o =
~
—~
H~
2
—~
H~
<
N
N
~
b
—~
~
—~
F#
Q
—~
~
~—
N
Ny

If [t«,t*] C [to,b), then for all ¢t € [t.,t*], we have

Gle@®)) = (@) = —i@@®)+i®) N i
—j(f(t,a(t)) +j(f (t V(t,w)) + 5 (alt) = i (u(?))
= Jla(t) = j(ut) >

Hence, there exists ¢ > 0 such that ¢ <|| (j(a(t))) — (j(u(t)))" ||, for all ¢t €
[t«,t*]. Integrating over [t.,t*], we get

v

0<elt—t \s/t | (Goa)(t) - (ou)(t) || dr.

This being true for all ¢ € [t,,t*], in particular, for ¢t = t,;, we have
O<ec|t —t, |<0-(t"—t,) =0,

and we get a contradiction. On the other hand,if t;; = tx, k=1,2,---,n—1,
then there exists ¢ > 0 such that j o a(t) — j o u(t) is strictly decreasing for
all t € (tg,tx + €]. Refining, if necessary, the partition P into P. which is
| thoy1 —tg |[<eforall k ={1,2,---,n—1},and let l € {1,2,---,n—1} be such
that to €]t;, ti41], then for all s € (¢, tr+1) using (#)1, (i7)2 we have

0>i/k“((joa)%s)_(jou)'(s))ds _ Z{ lim joa(s)— lim joa(s)}

+
k=1"1tk 1 57tk sty

+J°0<(to)— lim joa(s)+jou(b) —joula)

5—>tl

+joa(ty) — lim joal(s)

5—>t;+1
n—1
+ Z {hm (joa(s)— lim joa(s)>0
k=1 ST Sl

and we get a contradiction. These two contradictions, prove that a(t) = u(t).
Similar arguments are used to prove that u(t) < B(¢). We now prove the
existence of solutions of (3)-(4). Let us consider the Cauchy problem

v = f(ta u)

u(a) = wp.
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Since u(a) = ug = u(b), integrating the above differential equation over |a,t] ,
we obtain

t) = ug 69/ f(s,u(s))ds, (5)

—uOEB/ f(s,u(s))ds — (—1) /fsu (6)

if ¢ €]tg, b[. Using the isomorphism-isometry j to (5)or (6), we get

if ¢ €]a, to], or

t

NM@=M%+/jﬁ@MW@, (7)

or
to t~
e . e ['5s i
joutt) =jou+ [ ﬂwwﬂsléyfﬁwws (8)
Since ug = u(a) = u(b), we have
t

ﬂMW=ﬂMW+/iU@MWM& (9)

a

or

juwmmw—/ﬂﬂmwmm. (10)

a to

Define on j(Rp) the mapping T" by

Tjou(t) = jou(b)+/jof(s,u(s))ds, it ¢ cla, to

to t
jou(b) + f(s,u(s))ds — / jo f(s,u(s))ds, if t€jto,b]
a to

Thus fixed points of T are solutions of the integral equation (9)or (10). It is
easy to prove that T is bounded and completely continuous in j(E). Since
J(E) is convex, closed and bounded, we have a retract of the Banach space
C[0,1] x C[0,1], and the Schauder’s fixed point theorem implies that: T has
a fixed point in j(FE) which is a solution of (7)or (8). Using the isomorphism
J, (5)(or (6)) and (7) (or (8)), we obtain a solution of (3)-(4) in E, which is a
solution of (2) in F.

4 Application: a multiplicity result

In this section, we shall work with the embedding function j and use similar
argument for j if necessary. Consider the following problem

(Ps) u/+f(t7u):5
u(a) = u(d)
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with f : [a,b] x Rp — Rp is a L}.-Carathéodory function, s € Ry a parameter,
and §(f(t,)) = (f(t,1), f. (+,)) such that

(H3)(a) fy(t,u) — +o0 and f_(t,u) > 0 as | j(u) |- oo or ;
(H3)(b) f-(t,u) — —oc and f1(t,u) < 0 as || j(u) |- ox.

Theorem 4 Assume that (HO0), (HI),and (H2) hold. If f satisfies (H3)(a)
or (H3)(b), then there exists s1 € Rp with s1 » ess infier{min,er f(¢,u)},
I =a,b], such that

(a) if s < s1 then (Ps) has no solution;
(b) if s = sy then (Ps) has at least one solution;

(c) if s = s1 then (Ps) has at least two solutions.

Proof. For any ¢ > 1, let

S; = {s € Rp such that (Ps) has at least 7 solutions }

The proof is divided in five steps

(a) S1 # 0. Indeed, taking into account that R € Ry and take s* > esssup,c;{f(¢,0)}
(i.e. s* > esssup;e;(fr(t,0)) and s* > esssup,c;(ff(¢,0))), then (H3) implies

that there exists a real Rs« > 0 such that f(¢, Re«) = s* for a.e. ¢t € I. Using
theorem 3 with o = 0 and § = R+ there exists u € Rr which is a solution of
(Ps»). Thus s* € S5.

(b) If § € S; and s * §, then s € S;. Indeed, let @ be a solution of (P;) and
define

Fo(a)(t) = j(a'(t) © f(t,@)) — j(s).

Since j(@'(t) @ f(t, @) = j7(8), we have Fs(a)(t) = j7(8) — j(s) < 0, for a.e.
t € I. By (H3), there exists Ry > maxser || j(u(t) || such that for a.e. ¢ €
Lf(t,—Rs) = s and f(t,Rs) > s. Hence, for a.e. t € I, j(Fs(—Rs))(t) > 0
and j(Fs(Rs))(t) > 0. Applying theorem 3 with « = —R; and 8 =4 € Rp or
a =1 € Ry and 3 = R, we see that (Ps) has at least two solutions u; and usy
with —Rs < uq(t) < 4(t) and a(t) < ua(t) < Rs.

(¢) If s; = infS;, then s > o = ess infier(minger, f(¢t,u)). Indeed, by
(H3)(b), 0 = ess infier(minger, f(¢,u)) exists. If (Ps) has a solution wu(t),
then it must satisfies

1 b

s=— [ Wwe ftu)ds = o,

so that s1 > o. If s = s1, then there exists § € (s1,5s)~ N S1, and by the part
(b), s € Sa.

(d) For each § > s1, the set of all solutions of (Ps) with s < § is a priori bounded.
Indeed, let Rz > 0 a real be such that f(¢,v) = § whenever || j(v) ||> Rs, for
a.e. t € I and let u € WHi(I) be a possible solution of (Ps). If there exists
t € (a,b) such that

max u(t) = u(f)
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then, there exists a sequence (t,,) C [a,b] with ¢, — ¢ such that u/(¢,,) exists in
the generalized sense (i) or (i7) for each n > 0 and

' (tn) ® f(tn, u(ty)) = s.

Thus

3 (tn) + 5 (f(t,u(tn))) = 5(s).
Since u(t) is strongly differentiable in the generalized sense (i) or (i1), j ow is
Frechet differentiable and by continuity, we have (jou)’(¥) = 0 that is jou'(f) = 0

or —jou/(f) =0 . Hence, J(RF) being a cone with vertex 0, (t,) can be chosen
such that j o u/'(t,) > 0 or —j o u/(¢,) > 0. Thus

3(s) = 3 (f (tn, ultn))) = j o/ (tn 2 0

5(3) - j(f(tnaU'(tn))) = .5 © ul(tn) <0
and
Hence

3(f (tns ultn))) < 35(8)

for every n € N, taking into account that s < o implies that j(o) < j(s) we
get similar relations for j. Hence f(t,,u(t,)) < § for all n € N . Therefore,
| 4(u(tn)) ||[< Rs . Hence u(ty,) converges uniformly. Passing to the limit we
have

Il 3(u(®)) < Rs.
If £ = a, then since j o u(a) = j o u(b), we have

max j o u(t) = j ou(a) = jou(b),

and hence jou'(a) < 0 < jou/(b). Therefore, j(f(a,u(a))) — j(s) < 0 and
i(f(a,u(a))) < j(s) < j(8) imply that || j(u(a)) |< Rs, and 0 < jowu'(b) =
3(s) = 3 (f (b, u(b))) < ( 5) — j(f(b,u(b))), implies that || j(u(b)) [|< Rs.
(e) s1 € S1. Indeed, let (0,) be a decreasing sequence in

T ={s€Rp|s>=s1}

such that ¢, — s1, and for alln € N, let (u,,)nen be the corresponding sequence
of solutions of (Ps). If Ry, is the a priori bound of the part (d), then

max || 5 (un(t)) |< Ro, -

Since,
Up (8) @ f(t, un(t)) = on,
we have
Joun(t) +i(f(tun(t)) = j(on),
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and integrating for t € (a,b), we get

J 0 tn(t) = j 0 n(a) = j(on)(t — a) — / J(F (s, un(s))) ds

or

t

J 0 tn(a) — j o un(t) = jom)(t — a) — / 3 (5 un(5))) ds

thus

a

J 0 tun(t) — j o un(b) = j(on)(t — a) - / i (sun(s))ds; (1)

or

j o tn(b) — joun(t) = J(on)(t — a) - / J(sun())ds,  (12)

and without loss of generality, let us fixe uﬂ(b) = wug for all n € N, and take
into account that || 7(f) — j(g) I=Il 7(f) — 7(g9) ||, for all m,n > 0, we have

15 (m) () = 5 (un)(#)

= 1 [ s un(6)) = S () ds + £ = a)om) = (o) |
< [ 16 = s (o)) | ds
+ / | 3(0m) — 3(ow) || ds

IN

/ | 3 (5, wn(s))) — 307 (5 um(s)) | ds
[ () = 31 |+ 11 3(s1) = (o) 1 ds

< %(bfa)+§(bfa)+§(bfa):e(bfa).

Hence j o uy,(t)) is a Cauchy sequence in C([a,b], 7(Rr)) with norm || 2z |[o=
maxey || 2(t) || . By the completeness, we have j(u,(t)) — j(u(t)).

Define g, (t) € Rp by

then,

gn (1) © f(t,u(t)) = f(t; un(t))

Jogn(t) =jo f(t,un(t)) —jo f(t ult)).

Since j o f(t,-) is continuous for a.e. t € I, we have

/ | jogn(s) || ds = / 150 F(,un(s)) — 5 o f(s,u(s)) || ds

< ¢(b—a), (13)
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for all e > 0. Hence, as n — o0, jo gn(t) — 0 for a.e. ¢ € I. Since f is a
Li.-Carathéodory function, we have

[ o St | ds < oo
for all u such that || jou(t) |< p with p > R,,. Denote by ¢c(gn(t)) =|| jogn(t) ||
and 9(f(t,u(t))) =|| j o f(t,u(t)) ||. Then
1 5(F(tu(t) © gn(t) — 3 (gn () 1 epelgn(t) ® e(f(t,u(t))).

Since we have,

(i) jogn(t) = 0aetel;

(ii) jo f € Ll;

(iii) [ pe(gn(t)) dt < C < 00 ;

(iv) Jy e f(t,u(t))) dt < oo,

using the Brezis-Lieb Lemma (see[4] Theorem 2), we obtain

[ 13(0n(5) @ £(5,0() = sga(5) = 3 (s, u(s)) || ds =0

asn — oo for all ¢ € I. Thus
t t

lim [ j(gn(s))ds = lim [ {j(f(s,un(s))) = j(f(s,u(s)))} ds.

n—oo

Using the dominated convergence and (13), we have
t

tin [5G un(s) ds = [ (5 (s,u(s)) ds.

n—oo

Hence, passing to the limit in (11) or (12), we get

jout)— jould) = j(s1)(t —a) - / jo f(s,u(s)) ds

or

t
jou(®) = jou(t) = j(sn)(t )~ [ o flsuls)ds

for all t € I. Since j o u(a) = j o u(b), u satisfies (Ps,). Thus, s € 5.

Remarks. The theory in this paper, though it gives similar results as in classi-

cal case, is more rich than in classical case, since the behaviour of functions in
fuzzy case is completely different than the behaviour in classical case. Indeed
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Fuzzy solutions of (1) are mappings assigning a membership grade taking
value in [0, 1] to elements of a nonempty base set.

Some concepts such as periodicity or stability cannot be defined as in
classical case, since in fuzzy case solutions of the initial value problem
suffer the disadventage of having increasing support. For the periodic
solutions, we overcame this shortcoming by using a pasting approach.

The Whl-lower and upper solutions defined in definition 3, have a be-
haviour completely different than in classical case.

When a real world problem or phenomenon is transformed by a determin-
istic model into a boundary or initial value problem of equation (1), it is
not usually sure that the model is perfect. It could contain some incer-
tainty, for example the function f could contain uncertain parameters or
the boundary values could not be known exactly. The estimation of solu-
tions will necessarly be subject to some errors. If the nature of this errors
is random, stochastictic differential equations with random datas could be
used, but if the underlying structure is not probabilistic, the best way to
manage such a problem is to use fuzzy differential equations. Therefore,
the theory used in the paper is more general and more rich than in the
classical case.We point out that R C Rg.

References

1]

Adje ,A., Sur et sous solutions dans les équations différentielles discon-
tinues avec conditions aux limites non linéaires, Ph.D Thesis, Université
Catholique de Louvain, 1987.

Adje A., Existence et multiplicité des solutions d’équations différentielles
ordinaires dupremier ordre a non linéarité discontinue, Annales de la
Société Scientifiques de Bruxelles, 101(1987), 69-87.

Bede, B. and Gal, S.C., Generalization of the differentiability of fuzzy-
valued functions with applications to fuzzy differential equations, Fuzzy
sets and Systems 151(2005) 581-599.

Brezis, H. and Lieb, E., A relation between pointwise convergence of func-
tions and convergence of functionals, Amer. Math. Soc., 88,3(1983),486-
490.

De Coster C., La méthode des sur et sous-solutions dans I’étude des prob-
lemes aux limites, Ph.D. Thesis, Université Catholique de Louvain, 1994.

Lakshmikanthan, V and Mohapatra, R.N., Theory of fuzzy differential
equations and inclusions, Ser. in Math. Analysis and Appl., Vol.2, Tay-
lor and Francis, London, 2003.


xman
New Stamp


42

R.W. OMANA / SAJPAM VOIUME 4 (2009) 29-43

[7] Mawhin, J., First order ordinary differential equations with several periodic
solutions, J. applied Math. and Phys. (ZAMP) 38(1987), 257-265.


xman
New Stamp




